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ABSTRACT

- -

Shcherbakov, V.P., Schmidt, P.W., Sycheva, N.K. and Lamash, B.E., 1990. Micromagnetic formulation for the persorfal

computer. Phys. Earth Planet, Inter.,, 65: 15-27.

Algorithms for calculating the equilibrium energy state of a three-dimensional ferromagnetic particle according to an
earlier micromagnetic formulation can now be implemented on a personal computer (PC). Some PC enhancement boards are
now very fast by normal standards. For instance, the Mercury 6400 is rated at 20 MFlops {(million floating point operations
per second). The 20-MHz Definicon DSIT4-1/800 transputer, used for much of the present work, although slower (1.5
MFlops), is still able to perform the numerical convergence in a respectable time by using a progressive minimization
procedure. Other numerical technigues which have employed supercomputers arrive at similar estimations of energy levels and
magnetic structure; this indicates that the present technique is dependable. Several examples that demonstrate this are

discussed.

1. Introduction

The study of micromagnetic structures is im-
portant in rock magnetism and palaecmagnetism
because theory predicts a quantum jump between
the magnetic properties of single-domain (SD) and
multi-domain (MD) particles, whereas experimen-
tally there is a smooth confinuous change from
one regime to the other {see Dunlop, 1977). An
examination of recent work in this field (Mosko-
witz and Banerjee, 1979; Moon and Merrill, 1984;
Enkin and Dunlop, 1987, Williams and Dunlop,
1989) reveals a consensus of opinion that the
critical size for transformation from uniform SD
structure to non-uniform structure is ~ 0.1 pm for
magnetite. For grain sizes above this threshold
there may be two or more stable structures. In
larger grains, such as those that have been ob-
served with Bitter pattern techniques (Halgedahl
and Fuller, 1983), closure domains or surface spin
structure (Williams and Dunlop, 1989) arise to
reduce flux leakage and may disguise the internal
structure.

2. Description of model

The micromagnetic approximation of the free
energy density of a ferromagnetic material is well
known and can be written as the sum of the
exchange energy density (Eg), the magnetocrystal-
line energy density (£,), the magnetoelastic en-
ergy density (Eg), the magnetostatic self-energy
density (Ep) and the external field energy density
(Fy). Omitting the magnetoelastic energy (for
reasons explained below) the remaining energy
densities may be expressed as

Ee=Au[(vA) + (vB)*+ (vC)] (1)
where 4., is the exchange constant, and 4, B and

C are direction cosines of the spontaneous magne-
tization vector, I,

E,=K(A*B*>+ A*C*+ B*C?) (2)
where X is the anisotropy constant,

Ep= (#0/47’)2
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being the sum of the dipole-dipole interaction of
atoms, where m; and m; are magnetic poments
and ,; is the distance between the ith and jth
atom. It should be noted that for a finite uni-
formly magnetized cubic lattice the self-magneto-
static energy is zero because the double sum in
eqn. (3) vanishes by symmetry. Equivalentally,
this result can be interpreted as arising from the
mutual cancellation of the demagnetization field
and the Lorentz field (Brown, 1962, pp. 39-42).
The external field energy is
EH =—H- Is (4)
Our approximation assumes a cube-shaped par-
ticle of side L, subdivided into N cells, each cell
being a cube of side L/N. Let the integers (i, j, k)
represent the co-ordinates of such cell in three
orthogonal axes. A(i, j, k), B(i, j, k) and
C(i, j, k) are the direction cosines of sponta-
neous magnetization for the ikth cell, and
VAW, j, k), vB(i, j, k) and vC(i, j, k) are the
derivatives of 4, B and C at the ifkth cell. By the
finite-difference method we may obtain

[va(i, j, k)]’
. , . 2
=~} (N/LY{[4G, j, k) =4(i =1, j, k)]
[AU+1.Lk)—AU i o)1
+[A4(i, j, k) =A@, j-1, k)]°
[A(r jH1, k) —A(i, j, ©)]?
2
+[ A1, j, k+1) = A(, j, k)]
+14(, j, kY —A(i, j, k=1)] (5)
and similar expressions for [VB(i, j, k)]* and
[VC(@, j, k)]?. We note also that it is necessary to
consider the boundary conditions (vA4-n)=0,
where n is a unit vector normal to the surface of
the particle (the same boundary conditions apply
for v - B and v - C). In finite difference notation

these boundary conditions may be expressed, in

practice, as

A(i, j, k)—A(i—1, j, k)=0
ati=1,i=N-+1

B(i, j,k)—B(i, j—1,k)=0
at j=1, j=N+1

c(i, j,k)—C(i, j, k—1)=0
atk=1,k=N+1 (6)
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It should be noted that the boundary conditions
expressed in (6) should be considered only in the
context of computation, as A(0, j, k), A(N+
1, j, k), etc., have no physical meaning. Thus
eqns. (6) are used as a set, and only for calculating
the exchange energy.
Therefore the exchange energy for the ijkth cell
is
. 3 N
EE(lJ Js k) =Aex(L/N) [(VA(‘!:’ Js k)
+vB(i, j, k) +vC(, j, k)]
(7)
Analogously, the magnetocrystalline energy is
EA(i: js k)
= K(L/NY'[4%(i, j, k)-B%(i, j, k)
+A%(i, J, k) - C*(i, j, k)
+B2(i, J, k) - C*(i, J, k)] (8)

For the calculation of the magnetostatic energy,
£, we used an approximation where each cell is
regarded as a dipole of moment 7 (L/N)>. Then,

ED(i! j) k)

<{{(G=a?+ Gmpt+ (= r)]
x{A4(i, j, k)-A(q, m, r)

+B(i, j, k) -B(q, m, r)

+C(f? Js k) 'C(q’ m, I‘)]
_3[\f[(i-—q)2+(j—m)2+(k—r)z]]ﬁ

x[(i—q)A(i, j, k) +(j—m)B(i, j, k)
+(k~}‘)C(f, ja k)]

X[(i~q)A(q, m, r)
+(j_m)B(qa m, ]‘)

+(k—r)C(q, m, r)]}

(g, m, r}y=(i, j, k) (9)

=I1}(L/N)
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If there are external factors, such as homoge-
neous stress, ¢, or a magnetic field, H, then these
also need to be included in the energy terms,

E (i, j, k)=3/2ho-A*(i, ], k) (10)

where A and o are the magnetostrictive constant
and the stress, respectively, and

EH(i: Js k)'_‘_HA(Z’ i k) (11)

For simplicity, we take the magnetocrystalline
easy axis, the easy axis due to stress, and the H
direction, as the x-axis. Isotropic magnetostriction
was also adopted; this requires only one magneto-
strictive constant, A.

The total energy of the particle is therefore
given by

N N N
Er=13% 2. Z(EE+EA+%ED+EH+ES)

g=1 m=1r=1
(12)

The factor of one-half in (12) is required be-
cause each cell is counted twice in sums (9) and
(12). Our task is to find the equilibrium distribu-
tion of magnetization, or, in other words, we have
to determine 3N? variables, A(i, 7, k), B(i, j, k)
and C(i, j, k) for i, j, k=1,..., N, that mini-
mize Ep. As A+ B>+ C? =1, there are actually
2N? independent variables. However, even for
N =10 there are 2000 variables, and normal PC
minimization methods are very slow. We propose
another minimization method taken fromea rather
simple physical principle.

Using spherical coordinates we define
0(i, j, k) and ¢(i, j, k) as

A=cos@-cos¢p —w/2<b<7/2
B=cos f-sin ¢ (13)
C=sinf —g<¢<w

The variables 8(i, j, k) and ¢(i, j, k) are
polar and azimuthal angles in some arbitrary ini-
tial state, and E° is the energy of this state. We
can try to find an equilibrium for every cell
(i, j, k) separately, by minimizing the total en-
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ergy Er, for 8 and ¢. For this, it is sufficient to

minimize

AEL(i, j, k) =2Fg(i, J, k) + E (i, J, k)
+Ep(i, j, k) + Es(i, j, k)
+Eu(i, j, k). . . (14)

The factor of two in the Ep term takes into
account the fact that any variation in the values of
# and ¢ implies a change in the direction of spins
of neighbouring cells, as spin is assumed to vary
linearly between the cell centres. After computing
the equilibrium 8°(i, j, k), ¢'(i, j, k) for each
(i, j, k), anew state for I (i, j, k) is found and a
new energy, E’, can be calculated. If E' < E°,
the process is repeated with E° updated to E’,
otherwise, it terminates and the final distribution
can be considered to be an equilibrium distribu-
tion of minimum energy. The advantage of this
method is that each step requires the minimization
of only two variables, which may be achieved by
any ordinary method. One drawback, however, is
that there is no rigorous proof that the final state
is an energy minimum (gither absolute or metasta-
ble). However, the results reveal reasonable do-
main structures, so we believe that these are repre-
sentative states which are very close to true energy
mMInima.

Several comments on magnetostrictive energy
are appropriate. Considering only magnetite par-
ticles, the term Eg is one to two orders of magni-
tude smaller than E, or E. Therefore, ignoring
contributions to E; from Eg is justifiable. More-
over, calculating Eq would require the determina-
tion of the strain tensor, which consists of six
independent coefficients for each cell. This, in
turn, would require the minimization of eight vari-
ables for each cell. For titanomagnetite such intri-
cacy may be necessary, but for magnetite the
inclusion of magnetostriction would lead to an
enormous increase in computation time, with no
discernible difference in the equilibrium distribu-
tion.

3. Results

The 1, distributions for magnetite particles have
been determined for sizes 0.02 to 0.4 pm, with
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Fig. 1. Three different types of symmetry: (a) single-domain (SD), (b) curl, and (c) two-doemain. The fourth cube, (d) depicts the

numbering system.

values for the exchange constant, 4., = 0.67 X 10!
Jm™! the anisotropy constant, K = —1.3 X 104 J
m~? and magnetite saturation magnetization, I, =
48 x 10° A m ™! (Moskowitz and Banerjee, 1978).
Although recent values for 4., are somewhat in-
creased over the above value, simple dimensional-
ity considerations show that grain size is propor-
tional to v A, so our critical sizes are slightly
diminished compared with estimates using a larger
value for 4, .

As depicted in Fig. 1, three initial states were
tested:
(a) ‘single-domain’: 8=0, ¢ =0
(b} ‘two-domain’: f=u/N[IH{(N+1)—/]

(c) ‘curling’:

To reduce the computing time, we can consider
only symmetrical cases where the distribation of 1
in different octants of the cube is symmetrical (or
anti-symmetrical) with respect to some reference
octant (Williams and Dunlop, 1989). The results
are presented in Fig. 2 as plots of reduced net
moment and reduced energy vs. grain size. The
reduced net moment is obtained by dividing the
net moment by 7 /°, and the reduced energy is
obtained by dividing the total energy, E;, by
IZL2. 1t is useful also to mention that for truly 5D

(15)
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Fig. 2. Plots of {a) reduced moment and (b) reduced energy vs,
grain size for calculations with imposed symmetry.

grains with a homogeneous distribution of I, E+
= ( if there is no external stress or magnetic field.
This arises because all the energy terms in eqn.
(11) are zero. Although this is obvious for the
exchange and anisotropy energies, for £, the
reason is more subtle. The rigorous calculation of
E includes the effects of both the self-demag-
netizing field and the Lorentz field (H, = 4%/ /3),
which mutually cancel each other in the case of a
cube (as mentioned above).

The contribution of the Lorentz local field to
the magnetostatic energy 1s independent of the
direction of magnetisation and is usually dropped,
leading to the familiar expression Ep=3iN,I2
{Brown, 1962, pp. 101-102), The micromagnetic
calculation of Williarns and Dunlop (1989) did not
incorporate the Lorentz field explicitly, but in-
stead used the formulation of Rhodes and Row-
land (1954). In addition, their energy was normal-
ized by a factor $(4w/3)I2L* so that their re-
duced energy

Ewp = | Bssst 2L + (4w /3) 1217]
/(34w /3)120°) (16)
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where the subscripts refer to the initials of Wil-
liams and Dunlop, and of the present authors. The
second term in the numerator refers to the Lorentz
field energy. It is simple to derive the relationship
between the reduced energy we calculate, E/I2L°,
and the energy Williams and Dunlop (1989)
calculated:

EgssL = (27/3)(Eyp — 1) (17)

For all cases, the results have been derived by
beginning with a particle size of 0.02 pm, de-
termuning the equilibrium structure, increasing the
grain size by 0.02 pm and repeating the calcula-
tion, and so forth. When SD structure (Fig. 1a)
was imposed, an essentially SD-like structure per-
sisted until 0.2 pm (Fig. 2a). At the other extreme,
when curling structure (Fig. 1b) was imposed, the
SD structure determined initially quickly collapses
at .06 pm. For two-domain structure, the mo-
ment decays in an intermediate fashion, with a
number of steps suggesting some local energy
minima (LEM). The curling mode reaches a
minimum (reduced) moment of 0.1 at 0.24 pm,
whereas for the two-domain mode, representing
the other extreme for the larger sizes, a stable
(reduced) moment is reached at just under 0.3.

Appendix 1 shows the configurations of vector
arrays for each situation, at 0.04 pm and for sizes
for which an appreciable change in moment and
energy has occurred. As we are dealing with three-
dimensional (3D) structure, at least two two-di-
mensional (2D) projections are necessary 1o
visualize the configurations. In all cases, the view-
ing axes we have chosen are the x-axis and the
z-axis. These are plotted side by side for each case.
Appendix 1.1 shows the transformation of an SD
structure (0.04 pm) into a five-domain structure
analogous to ‘type 1B’ of Williams and Dunlop
(1989). As a reassurance that different workers are
arriving at essentially identical results by different
means, we note that the reduced energy calculated
for a 0.1-pm particle following the method out-
lined by Williams and Dunlop (1989), but using
the same exchange constant used here, is —0.501
(W. Williams, personal communication, 1989)
compared with our value of —0.503.

The other vector arrays in Appendix 1 show the
transformation of SD structure into a curl struc-
ture in curl mode (Appendix 1.2), and into a
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Fig. 3. Plots of (a) reduced moment and (b) reduced energy vs.
grain size for calculations with no imposed symmetry, ie.
unconstrained. It should be noted that the moment of the curl
state Is everywhere zero.

multi-domain structure in two-domain mode (Ap-
pendix 1.3). This latter structure may be compared
with that found in SD mode, also for 0.2 pm.
Figure 2 shows that these configurations have
almost the same energy, although the ‘two-do-
main’ moment is considerably less. The multi-do-
main structure is not dissimilar to the type 1B
structure of Williams and Dunlop (1989) in the
body of the grain, but is almost opposite on the
surface. Overall though, the curl mode has a con-
siderably lower energy (and moment) for grain
sizes 0.06 um and above, and would appear to be
the most desired state. This seems to be similar to
the type 2 of Williams and Dunlop (1989), who
described this structure of low-energy state as
two-domain with large closure domains.

As well as for cases with imposed symmetry, we
have also considered more general unconstrained
cases. In Fig. 3, it can be seen that, for L > 0.14
pwm, irrespective of the initial configuration, the
reduced moments and energies are very similar.
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Appendix 2 displays the various transformations.
Whorl-like asymmetrical structures, with reduced
moments of much less than 0.1, develop from the
SD (Appendix 2.1) and two-domain (Appendix
2.3) initial structures, whereas :the curl structure
remains symmetrical (Appendix 2.2). In fact, the
moment for this structure remains zero even for
the smallest sizes (0.02 and 0.04 pm), although the
reduced energies for these cases are large, reflect-
ing their improbability of being realistic structures
for these sizes. For small grains the curl structure
is apparently stable to our unconstrained cell-by-
cell minimization procedure. Using our minimiza-
tion method, instability of the curl structure devel-
ops only when symmetry is imposed. Thus for the
small grain sizes the unconstrained solution is
erroneous. This is true also for the 0.02- and
0.04-pm sizes of the two-domain initial configura-
tion. However, for sizes 0.08-0.14 pm, the cuil
and two-domain cases are energetically favoured
over the SD case.

4. Conclusions

Our main conclusion is that different groups
working on the micromagnetic problem are arriv-
ing at similar results using different methods, and
making different assumptions. This is reassuring.
In unconstrained cases, the starting configurations
converge to structures that differ in detail, al-
though their energies are essentially identical for
grain sizes above 0.14 pm. This suggests that for
relatively large (yet sub-micron) sized magnetite
particles, there exist not only several metastable
states, as proposed by Moon and Mernll (1988),
but a large set of such states, with very small
differences in energy. Perhaps in the limit, as
I.— oo, a continuum of metastable states can
exist. .

If a continuum of metastable states is real for
larger submicron magnetite grains, such a system
behaves non-ergodically and cannot be described
by simple thermodynamics, but is discussed more
appropriately in terms of ‘spin-glasses’. For this
reason the blocking temperature, T, could be
related to the freezing temperature. Also, as mag-
netic viscosity is an essential property of a non-

—
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ergodic system, the acquisition of viscous rema-
nence does not require any special cause—diffu-
sion of impurities or vacancies, or lattice defects,
stresses, and so forth-—although all these can help
to enhance the viscosity.
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Appendix 1.2.
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